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ABSTRACT
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1. INTRODUCTION

N Levin [4] introduced the concept of generalizédsed set in topological spacds. 1974, Das defined the
concept of semi-connectedness in topology and figated its properties. Balachandran, Sundaram iMadi [1]
introduced a class of compact space called Go-cotmgmace and Go-connected space using g-open ¢&a@raran and
pushpalatha [3] introduced and stud®dgeneralized compact spaces &tdconnected spaces A. M. Al. Shibari [9] S. S.
Benchalli and Priyanka M. Bansali introduced rg-pact spaces and rg-connected spaces and study aotheir
properties In this paper we introduce the concept of (r*g*)hoectedness and (r*g*)* compactness and study safme

their properties.

—
Definition 2.1: A subset A of a Topological Space is said to a*g*)*closed set [6] if cl(A) — U whenever
- . .
A™ U and U is r*g*- open. The complement of (r*g*)¢tcled set is (r*g*)*open.

Definition 2.2: A map f: (X,T) - (Y, Iﬂ) is called (r*g*)*-continuous [7] if the inverseriage of every closed set

in (v, %) is (r'g*)*-closed in (X, 7).

-1
Definition 2.3: Amap f: (X,I) - (Y, Ig) is said to be a (r*g*)*-irresolute map [7]):1: V) is a (r*g*)*-closed
setin (X,T) for every (r*g*)*-closed set V of (YFT).
Definition 2.4: A Space (Xy) is called (r*g*)*T.,» space [8] if every (r*g*)* closed set in it is cled.

Definition 2.5: Let X be Topological space. Let A be a subset ofrXg*)* closure [8] of A is defined as the

intersection of all (r*g*)* closed sets containiAg

Definition 2.6: A property P holding good for a topological spa¥e §) and which is also Hold good for every
subspace of the topological space is called Hemgdgroperty.
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72 N. Meenakumari & T. Indira
Definition 2.7: A collection C of subsets of X is said to have the finite intetiom property (FIP) if for every

finite sub collection {G, C2, G} of C, the intersection &N C,N. . . .NC, is non empty.

3. (r*g*)* CONNECTEDNESS

Definition 3.1: A Topological space X is called (r*g*)* connecteddX cannot be written as a Union of two non-

empty disjoint (r*g*)* open sets.
Definition 3.2: A subset A of X is (r*g*)* connected if it is (r*y* connected as subspace of X.

Example 3.3:Let X = {a,b,c), I = {0, X, {a},{b}, {a,b}}. (r*g*)* closed sets are¢ X, {c} {b,c}.{a,c} . (r*g*)*
open sets are, X,{a},{b},{a,b}. Here X cannot be written as thelnion of two non empty, disjoint (r*g*)* open sets

.Hence X is (r*g*)* connected.

Another way of defining (r*g*)* connectedness isfakows.

Definition 3.4: A space X is (r*g*)* connected iff the only subsefsX that are both (r*g*)* open and
(r*g*)*- closed in X are the empty set and X ifisel

Proof: If Ais a non-empty proper subset of X that is bot#ig*)* open and (r*g*)* closed in X, then the sef\
and X - A constitute a separation of X, Since they &rg*)* open, disjoint and non- empty and their @Gniis X
.Conversely if X andD are the only (r*g*)* closed subsets TPT that Xrig*)* connected. If not Let X=AU B Where A
and B are two non empty, disjoint (r*g*)* open setsich= B= X-A which is both (r*g*)*open and (r*g*)* closg which

is a contradiction. Therefore X is connected.

Example 3.5:Let X = {a, b}, I = {¢, X, {a}} (r*g*)* Closed sets ar® X, {b}. (r*g*)* Open sets arep X, {a}.
The only subsets of X that are both (r*g*)* operm drg*)* closed arep and X. Hence X is (r*g*)*connected.

Remark 3.6 Any indiscrete space with two points is (r*g*)imoected. A two point set with discrete topology is

not (r*g*)* connected.

Example 3.7:Let X = {a, b}, I = {o, X, {a}, {b}}, I Closed = {, X, {a}, {b}} (r*g*)* Open sets are are, X,

{a}, {b}. Here X is not (r*g*)*connected.

Example 3.8:Let X be the subspace [-1, 1] (with order topologjhe Real lineConsider the sets [-1, 0]. Since
every closed set is (r*g*)* closed, [-1, 0] is (Mg closed and 0, 1] is (r*g*)* open. Then they are disjoint andn-empty

and their union is X = [-1, 1] but] 0, 1] is notd)* open. Hence There is no separation and hetice(r*g*)* connected.
Remark 3.9 The (r*g*)* connectedness property is not a héeey property. The following example proves this.
Example 3.10:Let X={a, b ,c},3={@,x,{a},{b},{a, b}}
(r*g*)* open sets= {Q,X,{a},{b},{a, b}}

(r*g*)* closed sets= P,X,{c},{a, ch{b, c}}

Here the only subsets which are both (r*g*)* openl §r*g*)* closed sets arg:I and X and hence X is (r*g*)*
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connected. Let Y= {a, b}
. ANy E
The relative topolog$*={A " Y/A ~ 3}

5= (v, @ fa). o)

(r*g*)* open sets= {Eﬂ ,Y{a},{b}}

Now {a} is (r*g*)* open. Its complement {b} is als@*g*)* open.

{a} is both (r*g*)* open and (r*g*)* closed set.

= Y is not (r*g*)* connected.
Theorem 3.10:Every (r*g*)* connected space is connected.
Proof: Let X be a (r*g*)* connected space. If possiblg Xebe not connected.

Then X can be written as X = B Where A and B are disjoint, nonempty open sBtg. Every open set is

(r*g*)* open set in X= X is not (r*g*)* connected which is a contradiatiocHence X is connected.
The Converse of the above theorem is true when€&(r*g*)* T 1.
Theorem 3.11:Let X be (r*g*)* T, Every connected space is (r*g*)* connected.

Proof: Let X be connected. To Prove that: X is (r*g*)*re@cted. Suppose X is not (r*g*)* connected. Le& B
be any two (r*g*)* open subsets of X such that X4J B such that A0 B = ¢. Since X is (r*g*)*Ty,,, every (r*g *)* open

set is open and hence A & B are open sets of X.

Which contradicts that X is connectédX is (r*g*)* connected.

Theorem 3.12:Let X be a Topological space. Let Y be (r*g*)* cauted subspace of X. If X can be written as

the Union of two (r*g*)* open sets of X then Y liestirely within A or B.

Proof: Let X=A U B and AN B=¢. Since A and B are (r*g*)* open in X thenfAY and BN Y are (r*g*)* open
inY. Now AN Y and BN Y are disjoint and their union is Y. If both wemenempty then they form a separation of Y
which is a contradiction. Hence one of them is ¢mBuppose A1 Y =¢ ThenY = (AN Y) U (BNY)=>Y=(ANB) U
Y= U (BNY)=>Y U similarly we can discuss the casé\E = ¢.

Theorem 3.13:The (r*g*)* closure of (r*g*)* connected set is @*)* connected.

Proof: Let E be a (r*g*)* connected subset of (X,). TST (r*g*)* cl( E) is connected. If not (r*g*)tl( E) can
be written as (r*g*)* cl( E) = AU B where A,B are -disjoint (r*g*)* open sets . N (rg®*cl(E)=AUB=E LA
ore g gl A=(r*g¥)*cl E D(r*g*)* clA.= (r'g*)*clE N B O (r'g*)*clA N B =¢

=>(*g*)*clE N B=¢ - (@)
Also(r*g*)*clE=AUB=1B il (r*g*)*clE implies B N (r*g*)*cl E = B -------- (2)
From (1) & (2), B = which is a contradiction. Similarly if £l B we can getA .
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< (r*g*)*cl(E) must be (r*g*)* connected.
Theorem 3.14 If E is a subset of a Topological space $X), then (r*g*)* closure of E is, (r*g*)* connecteiff E
is not the Union of any two non-empty sets A ansuBh that (r*g*)*cl AN (r*g*)*cl B = ¢

Proof: Let (r*g*)*cl E be (r*g*)* connected. Suppose Etise Union of two non-empty (r*g*)* open sets A aBd
such that (r*g*)* cl(A)N (r*g*)* cl(B)= ¢.

Now E= AU B= (r*g*)*cl (E) = (r*g*)* cl (A U B) = (r*g*)*cl(A) U (r*g*)* cl (B)
Also since (r*g*)* cl((r'g*)*cl (A)) = (r*g*)* cl (A).

(rg*)* cl (A) N (rg*)* cl (B) = ¢ = (r*g*)* cl {(r*g*)*cl(A)} N (r*g*)*cl (B) = ¢ -------- 1)
Similarly we can get, (r*g*)* cl (A1 (r*g*)* cl ((r*g*)*cl(B))= ¢ --------- )

From (1) & (2), we can conclude that (r*g*)*cl E $:@ separation which implies (r*g*)*cl E is discauted,

which is a contradiction

~ E cannot be expressed as a Union of two non-edigjyint (r*g*)* open sets such that
(rg®)* cl (A) N (rg*)cl (B) = o.
Conversely
If E is not the union of two non-empty disjoint g®* open sets such that (r*g*)* cl (A0 (r*g*)* cl (B) = .

To prove (r*g*)*cl(E) is (r*g*)*connected. If not =l (r*g*)*cl(E)= A UB where A,B are -disjoint (r*g*)* open

sets which is a contradiction . Hence (r*g*)*cl(i&)connected.

Theorem 3.15:The Union of any family of (r*g*)* connected setsing non-empty intersection property is

(r*g*)* connected.

Proof: Let {E,: aeA} be a family of (r*g*)* connected subsets with theoperty thath {E,: acA} is non — empty.
Let E= U {E.: aeA}. To prove that E is (r*g*)* connected. If not, &n be written as Union of two non-empty disjoint

(r*g*)* open sets such thal E,=E=AU B and H U B, for everyao.
Since each Eis connected, JED AorE, il B for eachueA= U E, il AorUE, il B
seUdaorelUp----- (1)
Sincen {E,: aeA} is non-empty, Let € N {E,: aeA}.Then X€E,, for everyoeA

Hence XE = U{ E,.aeA} .. X€E = x€A or x€B [by(1)]. x cannot belong to both A and B.
< if x€EA then x¢B= EZB (by 1)

- gl A, which is a contradictions E must be (r*g*)* connected.

Theorem 3.16:The Union of any family of (r*g*)* connected subsetith the property that, one of the member

of the family intersects every other member is*g*jr connected set
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Proof: Let { E,: a €A } be a family of (r*g*)* connected subsets of (¥,) with the property that one of the

members say & intersects every other member. (i.ed)) Ea t ¢, for everyoeA

To Prove: E=U E, isconnected. Now ky U Ea being the union of (r*g*)* connected subset haviman-empty

intersection is a (r*g*)* connected set.

Now, let Ex, and Ey be any two members of the family so thap B Eogt ¢ and BN E agt ¢
Now (Eao U Eap) N (Eao U Eog) = Eog U (Eap N Eag) t ¢ ------- (2)

SN (Eap U Ea) = Eog U (N Ea) + ¢ [since Eogt 0]

= U (Eap U Eo) is connected.

= Eap U (U Ex) = U Ea is connected.

Since it is given that &g intersects every other member of the family arxgl#Ecp,

We conclude that (@& U Eay) N ( EogU qu)i o, piq ................... ©)

=The collection {k, U Ea: aeA } has non-empty intersectiof. It is (r*g*)* Connected.

(i.e) LI{E ao U . @ EA} is a (r*g*)* connectedset or E:LI {E aa EA} is a (r*g*)* connected

Theorem 3.17:Let A be a (r*g*)* connected subspace of X. ifld B U (r*g*)* cl (A) then B is also (r*g*)*
connected.
Proof:

Let A be (r*g*)* connected.

To Prove that: B is (r*g*)* connected.

If, not let B = CU D Since Al B, A must lie entirely in C or D.

Suppose A ¢ then (r*g®)* cl (A) il (r*g*)* cl (C)

(rg¥)*cl (A) NDU (rg**cl (C) ND=0o

Now DU B, And B U (rg%)* ¢l (A) .Now ¢ U D=DnB U (r*g*)* cl (&) n D U ¢

= D =¢ which is a contradiction B is (r*g*)* connected.

Remark 3.18:1n the above theorem if we replace B by (r*g*(4&) we can get Theorem 3.13

Theorem 3.19:Let f :X%Y be (r*g*)* continuous and onto. If X is (r*g*)*@nnected, Then Y is also connected.
Proof:

Suppose Y is not connected. Let Y 2JAB where Aand B are disjoint non-empty open sed in
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Since fis (r*g*)* continuous, ¥ (A) and f* (B) are disjoint non-empty (r*g*)* open sets.
Since f is onto, f(X) = Y:" We have X =T (A) U f* (B)
Which contradicts the fact that X is (r*g*)* conried.” Y is connected.

Theorem 3.20:1f f;: X - Y is a (r*g*)* irresolute and onto, X is (r*g*)*@nnected then Y is (r*g*)* connected.

Proof:

Suppose Y is not (r*g*)* connected then Y =L AB Where A & B are non-empty disjoint (r*g*)* opesets. Since
f is (r*g*)* -irresolute, f* (A) and f* (B) are (r*g*)* open sets and X ='f(A) U f* (B) = X is not (r*g*)* connected
which is a contradiction:. Y is (r*g*)* connected.

4. (r*g*)* compact space.

Definition 4.1: A collection {G,: a €A} of (r*g*)* open sets in a topological space Xdalled a

(r*g*)* Open cover of a subset Aof X, If & U {G,: a eA}.

Definition 4.2 A Topological space X is (r*g*)* compact if eve(y*g*)* open cover has a finite subcover.

In other words ilC={G, :aeA} of (r*g*)*opensets therC'is a (r*g*)*open cover for X iff

X =U {G,: aeA}. Now If there exists G; Go, Gos.. ... . Gu, in this collectionC such that X= U {G,; ::i=1,2. . .n}then X
is said to be (r*g*)* compact space.

Remark 4.3: Consider the discrete Topological space.
Case: 1Let X be finite.

Then the number of (r*g*)* open subsets of X isodfimite so every (r*g*)* covering of X is finiterad hence any
(r*g*)* sub cover of X is also finite so that it {8*g*)* compact. In particular every finite subset a Topological space is

always (r*g*)* compact.
Case: 2Let X be infinite

Now C = {{x}/x € X} is a infinite (r*g*)* open covering for X as XU {{x}/x € x} and hence there does not
exists any finite sub collection C’ such that Xtlie Union of that collection. Hence it does notéavfinite sub cover.
Thus an infinite discrete topological space is (Gg*)* compact. In particular every infinite sulisef a discrete
topological Space is not (r*g*)* compact.

On the other hand if we consider the indiscretelmgical space then C = {X} such that X {X}, then C is a

(r*g*)* Covering for X which consists of only on@sand hence finite. Therefore X is a (r*g*)* conapapace.
Remark 4.3: By Remark 1 Every finite set is (r*g*)* compact
Example 4.4:Let X ={a, b, c}J ={ o, X, {a}, {b}, {a, b }}. (X, J)is (r*g*)* compact Since X is finite.

Definition 4.5: A subset B of a Topological space is said to bg*j*compact if B is (r*g*)* compact as a
subspace of X.
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Theorem 4.6:If a map f: X— Y be (r*g*)* irresolute and a subset B of X bed* compact relative to X, then
f (B) is (r*g*)* compact relative to Y.
Proof: Let { A, : a€A } be any collection of (r*g*)* open subsets of ¥ch that
f(B)cU {A,:a€A}then Bc U {f* (A,) : a€A } but B is (r*g*)* compact relative to X .
n

Therefore, There exists a finite sub cover Bl {f*(A)} =2f(B)c i< {(A)}

n

= f (B) is (r*g*)*compact.
Hence we can prove the following:
Theorem 4.7:A (r*g*)* continuous image of &*g*)* compact space is compact.

Theorem 4.8:1f f: X — Y is (r*g*)* irresolute and bijection and X i@*g*)* compact then Y is gr*g*)*compact

space.

Proof: Let { A, : €A } be a (r*g*)* open cover of Y .Then Y &£ A, . Since f is a bijection, we have f (X) =Y or
f1(Y)=XButf' (UA,)=U {f* (A)} Since fis (r*g*)* irresolute T (A,) is (r*g*)* open for eachu€A . But X is

(r*g*)* compact therefore there exists finitely maimdicesa;, a,. . . .o, such that
X=U 1 (Ay). & Y=R(X)=f( U f* (A1) = U A, Where i=1,2,. . .n.

= Y is (r*g*)* compact.
Theorem 4.9:Every (r*g*)* closed subset of @*g*)* compact space igr*g*)* compactrelative to X .

Proof: Let A be a(r*g*)* closed subset of X. Then Ais (r*g*)* Open. Let C= {G,: a € A} be a(r*g*)* open
cover of A (by subsets of X) Then Let MGGU A® is an(r*g*)* open cover of X. That is XcU {G,: aeA} U A°

Since X is(r*g*)* compact M has a finite sub cover say,(® G,...U G, U A°

But A and A are disjoint hence & G, U G, .. .U G, . The open cover C has a fin{t&g*)* sub cover . Hence A

is (rxg*)* Compact.
The following example shows that a (r*g*)* compaabset of a Topological Space need be not (r*glgsed.
Example 4.10:Let X = {a, b, ¢, d},3 ={ o, X, {a}{b}.{a ,b},{a,b,c}}
(r*g*)* Open sets ar@, X, {a, b, c}, {b, c},{a, c} {a, b}, {c},{b}, {a}
LetA={a, b, c },then A can be written as, A={& U {a, b} U {b}
A'is (r*g*)* compact. But A is nofr*g*)* closed.

Theorem 4.11: A space X is(r*g*)* compact iff each familyof (r*g*)* closed subsets of X with the finite

intersection property has non empty intersection.
Proof: Let X be (r*g*)*compact . Let A be any collectio f*g*)* closed sets with F. | . P

LetA = {F, : aeA } be an arbitrary collection df*g*)* closed subsets of X with F.I.P
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SothaN {F,:i=12...n:}Ho¢.......... (1)

Now TPT:N {F,:aeA} #¢

Suppose this is not true. Then we havgF, : aeA } = o.
By taking complement we hawe {Fao°: acA } = X

But each Eis (r*g*)* closed, Fo® is (r*g*)* open

& {F.° : aeA } becomes air*g*)* open cover for X. But X igr*g*)* compact.
& There exists finitely many indices,, a». . . .o, such that X=U {F,°:i=1,2,. .. n}

Taking complement both sides We get N {F,; : i=1,2,. . . n} which is a contradiction to (1).
HenceN {F,: aeA} #¢

Conversely suppose any collection of (r*g*)* clossmts with FIP has a non empty
Intersection LeB = {G,, : acA } where B is ar*g*)* open cover of X and hence

X =U {G,: aeA} Taking complements we have= N {G, : aeA ]

But G’ is (r*g*)* closed. - The collection ofr*g*)* closed subsets has empty intersection.

. It does not satisfy F.I.P. Hence there existaigefinumber ofr*g*)* closed sets

G, where i=1,2,...n with empty intersection. Tisa{ G, *:i=1,2,...n}=p
Again taking complement {G°:i=1,2,...n}=X

< B Has a finite subcover. Hence X is (r*g*)* compac
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